The low lying spectrum of the O(n) effective field theory is calculated in the deltaregime in 3 and 4 space-time dimensions using lattice regularization to NNL order. It allows, in particular, to determine, using numerical simulations in different spatial volumes, the pion decay constant F in QCD with 2 flavours or the spin stiffness ρ for an antiferromagnet in d = 2 + 1 dimensions.
Introduction
The low energy phenomena in systems with spontaneously broken symmetry are governed by the dynamics of the Goldstone bosons. This can be described by an effective field theory, and the calculations could be performed by chiral perturbation theory (ChPT) [1, 2] . The effective action contains low energy constants (LEC) determined by the underlying microscopic theory. The physical quantities can be systematically expanded in powers of momenta, or (as in the case of our interest here) inverse box size. In numerical simulations one can place the system into a space-time box of size L t × L d−1 s and study the dependence of different quantities on the box size. Comparing the data with theoretical predictions one can determine the corresponding LEC's.
There are important cases when the order parameter of the spontaneous symmetry breaking is an O(n) vector. These include QCD with two light quarks (4d O(4) case), and antiferromagnetic layers (3d O(3) case).
The different regimes of such systems in a finite box have been systematized by Leutwyler [3] . In particular, for the case of no explicit symmetry breaking (zero quark mass in QCD) one can distinguish the ǫ-regime ("cubic geometry"), where L t ∼ L s , and the δ-regime ("cylindrical geometry") where
(Note that the expansion parameter of ChPT in this case is 1/(F 2 L 2 s ) and must be small enough.)
In this work we calculate the low lying spectrum in a finite spatial box in the O(n) effective theory (i.e. we consider the δ-regime) with no explicit symmetry breaking, in 3 and 4 space time dimensions, using lattice regularization. It has been shown in [3] that in the leading order the spectrum is given by the quantum mechanical O(n) rotator with moment of inertia Θ = (n − 1)/2 · F 2 L 3 s (the "angular momentum" being the O(n) isospin). In the case of QCD the constant F is the pion decay constant. The next-to-leading (NL) order term of the expansion in 1/(F 2 L 2 s ) has been calculated in [4] . In the calculation one considered an infinitely long lattice in the time direction, separating the spatially constant slow modes and the fast modes, and integrating out the latter. The resulting effective Lagrangian for the slow modes is then that of an O(n) rotator, with a modified moment of inertia. The NLO correction turned out to be large: at L s = 2.5 fm it is still ∼ 40%. Therefore it was important to calculate the NNLO term. This has been done recently for the 4d, O(4) case by P. Hasenfratz [5] by a method similar to the one used in [4] , except that in [5] dimensional regularization (DR) was used. The NNLO term contains two new LEC's, Λ 1 and Λ 2 , and is estimated to be −5% at L s = 2.5 fm.
Since the calculation using DR with the time-dependent slow modes was quite involved, we have chosen to calculate the same quantity by a different method, following the calculation of the small-volume mass gap in 2d O(n) non-linear sigma-model by Lüscher, Weisz, Wolff [6] , using lattice regularization, and we considered both the 3d and 4d cases for general O(n).
As mentioned above, the effective theory has also been successfully applied in condensed matter physics. In particular one can perform numerical simulations in the microscopic theory of the spin 1 2 antiferromagnetic Heisenberg model and measure different quantities (like staggered susceptibility, etc.) with an impressive precision [7, 8] . Comparing these with the results of the effective field theory one can obtain the LEC's (spin stiffness, etc) to high accuracy of order 10 −3 (for a recent paper see [9] ). Given the high accuracy, in this case even a small NNLO term could have an important effect.
The rest of the paper is organized as follows. Section 2 discusses the different terms in the effective action needed to this order, section 3 recapitulates the method of [6] to obtain the perturbative expansion for the mass gap. In section 4 we describe the numerous checks of our calculations, and section 5 gives the general expression for the mass gap. The numerical values and the renormalization of the couplings for d = 4 and d = 3 dimensions are given in sections 6 and 7, respectively. Section 8 contains our conclusions. Some further details of the calculations are delegated to the Appendices.
The effective action
We consider the following effective action in 3 and 4 space-time dimensions
where the leading term is
Here ∂ µ denotes the standard forward lattice derivative, and the A 4 part containing 4-derivative terms will be specified later. Note that we do not consider here an explicit O(n) symmetry breaking term.
The non-linear sigma model given by A 2 is non-renormalizable in d > 2 dimensions hence one has to consider A as an effective low energy action, with corresponding (infinitely many) low energy constants (LEC). The mass gap (and the energy of lowest states) in a box L d−1 s can be expanded in inverse powers of the box size L s , and to a given order in 1/L s only finite number of LEC's appear. For our case of NNLO corrections we need only terms up to four derivatives in d = 4.
The action (2.1) in d = 3 describes e.g. the low energy behaviour of the antiferromagnetic spin 1 2 quantum Heisenberg model, while in d = 4, and n = 4 it is the effective action of QCD with two massless quarks.
The dimensionless lattice coupling λ 0 in eq. (2.2) is expressed through the dimensionful lattice bare parameters of the corresponding theories as
3)
where ρ 0 and F 0 denote the bare spin stiffness and bare pion decay constant, respectively, and a is the lattice spacing. 1 We parametrize the spin vector with the "pion" fields
The pion fields reflect the perturbative fluctuations around the magnetization axis. We expand in the π-fields keeping the volume
finite assuming a cylindrical geometry, L t ≫ L s . As long as the volume is finite there is a slowly moving global mode which corresponds to the direction of the magnetization. This mode is treated nonperturbatively in the the path integral [10] .
The partition function takes the form
where
The first term is the action of (2.1) (expressed in terms of π-fields). The second term is caused by the measure from the change to π-variables
The irrelevant factor N and the last term together with the delta function arise when we separate the global zero mode and integrate it out in the path integral,
As a consequence of the delta function in (2.6) we must leave out the p = (0, 0) zero mode in the momentum decomposition of π.
For the d = 4 case at NNLO we also need the A 4 term in eq. (2.1). The most general 4-derivative interaction consistent with the lattice symmetries is given by (see e.g. [11] )
12)
4 + 2A
, (2.14)
and
4 , (2.17)
We use the standard forward (∂) and backward (∂ * ) lattice derivatives. Some comments are in order here:
is redundant at the order of our calculation. Transforming variables in the path integral as S → (S+α S)/|S+α S| the leading action exhibits a contribution proportional to A (1) 4 . Choosing the parameter α we can absorb the contributions of this interaction [12] .
• In ChPT of QCD with N f = 2 flavours (in Minkowski space) the standard notation for the low energy constants is l i [13] . Following [12] for the O(n) case (in Euclidean space) we use the convention g
4 /4 for the couplings. They are related by
The minus sign comes from going from Minkowski to Euclidean space. Note also that the convention for numbering the operators is different.
• The operators 4 and 5 are absent in dimensional regularization. They are needed to restore Lorentz symmetry on the lattice and their coefficients are fixed by this requirement. The subtracted pieces stem from the fact that we construct first the symmetric, traceless 4-index tensors, and take the sum µ t µµµµ [11] .
• According to equation (2.10) we subtract a term proportional to the leading action A 2 from each of the 4-derivative interactions. The coefficients c (i) serve to remove the power-like divergence 1/a 4 from the contribution of the corresponding operator. The subtracted operators renormalize then multiplicatively. This is discussed later.
Correlation function
We extract the mass gap from the correlation function
is the spatial volume. We follow closely the method of ref. [6] developed to obtain the small-volume mass gap m(L s ) for the 2d O(n) nonlinear sigma-model.
We apply perturbation theory at fixed finite cylindrical volume
and following [6] we impose free boundary conditions in the time directions 2 . This guarantees that we project onto states with zero isospin (and zero total momentum) at the two boundaries. Except for the ground state all these states ("scattering states") have energies 4π/L s . The correlation function drops off as
where m(L s ) = E 1 − E 0 is the mass gap, the difference between the lowest energies in the l = 1 and l = 0 isospin sectors. For small λ 0 the mass gap is m(L s ) ∝ λ 2 0 /V s hence for λ 2 0 ≪ V s /L t the system is nearly completely polarized -the spins fluctuate only slightly around the direction of the total magnetization. Therefore for fixed L s , L t one can use perturbation theory in λ 0 to calculate the correlation function
Inserting the expansion of the mass gap m(L s ) into eq. (3.2) one concludes that the coefficients C i (t/L s ) are (up to exponentially decreasing terms) polynomials of order i + 1 in
As seen from eq. (3.2) (neglecting the exponentially small terms in t) the expansion of log C(t) is linear in t, the higher order terms in t should cancel. To obtain the mass gap to NNLO only the coefficients C 00 , C 01 , C 10 , C 11 , and C 21 are needed, while C 12 , C 22 , and C 23 are useful to check the absence of t 2 and t 3 terms in log C(t).
Observe that the use of free b.c. in the time direction is essential here. Using periodic b.c. also in this direction, the transitions l → l + 1 between states of higher isospins with energies E l ≈ l(l + n − 2)λ 2 0 /(2V s ) would also contribute to the perturbative expansion of C(t), making the method unpractical for the determination of the mass gap.
Note that the method of ref. [6] is essentially an ǫ-regime expansion in a very elongated cylindrical volume, since the spins are strongly correlated over the whole length L t . The correlation length ξ t (L s ) = 1/m(L s ), defined for an infinitely long cylindrical volume becomes much larger for λ 0 → 0 than any finite L t . For the "truly δ-regime" calculation one should study the dynamics of the spatially constant slow modes, which is described by the quantum mechanical rotator [3, 4, 5] . Of course, the two approaches should lead to the same result for the mass gap, but one meets different technical difficulties in these two approaches.
Procedure and checks
It is straightforward to derive the Feynman rules and to write down the corresponding Feynman diagrams. After that we separate the different t n contributions analytically from each graph. This step is practically the same for d = 2 and d > 2. Evaluating the diagrams numerically provides a good check for separating the different powers of t. There are also other checks for the final results:
• The consistency relations mentioned in section 3 are satisfied.
• The NLO result is known for general dimensions [4] .
• The NNLO result for d = 2 can be compared to the results of Lüscher and Weisz [14, 15] • We also considered the same problem with Dirichlet-free boundary conditions. (This should obviously give the same result for the mass, but the corresponding transition amplitudes are different.) We checked the result numerically for d = 2, including the 4-derivative contributions.
• Since the 4-derivative contributions were not calculated previously on the lattice for the 2d case, we compared the corresponding contributions to direct Monte-Carlo simulations for d = 2, L s = 3 at sufficiently small λ 0 values.
• We solved the problem for n = 2 parametrizing the fields as S(x) = (cos φ(x), sin φ(x)), including the 4-derivative contributions.
The mass gap at finite lattice spacing
Restoring the lattice spacing a the mass gap reads
The n-dependence of the coefficients is given by
where we introduced the abbreviation
The above coefficients are expressed as lattice sums over spatial momenta and are given in appendix B.
Results for d = 4
The expressions occurring in the previous section depend on the ratio a/L s only. In four space-time dimensions one has Tables 1-3 in appendix C.
Discussion on the numerical values of appendix C
We have calculated the lattice sums in appendix B to a quadruple precision for different lattice sizes and fitted the a/L s -dependence. In order to find out a reliable set of terms one can vary the minimum value of L s and include fewer or more higher powers like a 6 /L
The coefficients should be stable under such variations, and we can estimate the precision of the values, which was 10 digits or better. Note, that we know the coefficients of the logarithmic terms from DR, hence fixing these parameters in the fit allows to determine the remaining ones to better accuracy.
The coefficient c 211 = −c 221 is the shape coefficient β
for a three dimensional cubic box, given in [12] . The NLO finite size effect was first calculated in [4] .
The logarithms originate from the double sums in (B.6) and (B.7). To obtain the leading L s -dependence we expand them for small k 1 , k 2 ,
where we expanded in s i ≡ sinh µ i . (See appendix A for notations.) The leading singularities of the double sums are related to those in the sum
Therefore, one has c 31 = 2∆ + . . . , (6.7) c 32 = −2∆ + . . . . (6.8) According to the calculation in DR [5] the logarithmic part of ∆ is given by
where q = 0.837536910696 (cf. (C.1) ). The coefficient of the logarithmic term in c 31 is, therefore, −0.0353584296400 in agreement with the direct fits given in Table 2 in appendix C.
Renormalization for d = 4
The additive renormalization of the 4-derivative operators in eq. (2.10) are removed by setting
, i = 2, 3, 4, 5.
(6.10)
The singular part of the a-dependence of the mass gap can be removed by the renormalization of the bare lattice parameters as
where M is a scale 4 . Like in DR we introduce the individual scales M 2 and M 3 . Note that g (4) 4 and g 
Their numerical values for d = 4 are Note that there are several nontrivial relations that should be satisfied to be able to absorb the singular cutoff dependence into the renormalized couplings -these are satisfied numerically to the expected accuracy, providing an additional check.
The renormalization of g agrees with the result of ChPT in dimensional regularization [2] Note that, in contrast to the DR, the pion decay constant F 0 renormalizes on the lattice. The NLO coefficient b 1 in (6.11) has been calculated earlier in [4] .
ChPT in the p-regime with lattice regularization was studied earlier by Shushpanov and Smilga [16] for the 4d O(4) case, who obtain, besides other 1-and 2-loop results, also the renormalization of F 0 to NLO. However, their result disagrees with ours -they obtain (for n = 4) b 1 = −2G(0), i.e. the −1/(2d) term of eq. (6.13) is missing. It is easy to verify its presence for the O(2) case in the same way as done in [16] (from the current-current correlator) when one uses the parametrization by the angular variable. In this case the action is given by λ
. In this case one gets b 1 = −1/(2d), as expected.
The moment of inertia
The isospin dependence of the lowest excitations up to (and including) NNLO corrections are given by the rotator spectrum [17, 5] , i.e. by
where Θ is the moment of inertia. We have also calculated the E 2 −E 0 gap with the method presented here, and found agreement with this expectation. The moment of inertia is given by
The scales M 2 and M 3 are related to the corresponding scales Λ 1 , Λ 2 in dimensional regularization (cf. eq. (2.19) ). However, to get this relation, and the values of the coefficients g (4) 4 and g (5) 4 (needed to restore Lorentz symmetry) one needs to relate the lattice regularization to the dimensional one. This step remains still to be done. The resulting uncertainty is a term const/(F 4 L 4 s ). The remaining terms are in agreement with the result of ref. [5] where the calculation was performed in DR for the n = 4 case.
Results for d = 3
In three space-time dimensions the coefficients of (5.2)
The corresponding values are given in Tables 4-6 in appendix C. 4 are dimensionful, in contrast to d = 4). They are also not needed for the renormalization here. Because the theory is non-renormalizable, it is expected that they are necessary to absorb divergences at higher orders. The spin stiffness renormalizes as
The corresponding coefficients are still given by eqs. (6.13),(6.14) while their numerical values are 
The coefficient of the NNLO term has been estimated a long time ago from finite temperature simulations in the spin 1 2 quantum Heisenberg model [8] and the result cited there is not consistent with our calculations. The discrepancy of parameters obtained from those finite-temperature data with other high precision measurements (about two per mille, but statistically significant) has been observed already in [9] and it was attributed to unaccounted finite-temperature corrections. A new measurement [18] of the staggered susceptibility at much lower temperatures agrees with our very small coefficient of the ∝ 1/L 2 s term.
Summary
We calculated the mass gap in the O(n) effective field theory in a cubic spatial box of size L s for 3 and 4 space-time dimensions to NNLO, using lattice regularization. The renormalization of the bare lattice couplings is performed, however, the connection of the 4-derivative couplings with the MS scheme is not established yet. This affects only the const/F 4 L 4 s term in the NNLO term in d = 4 (relevant to QCD with two massless quarks), not the logarithmic terms, where we reproduced the result of [5] . Note that the effect of including a small explicit symmetry breaking (a small quark mass) has been done to LO in [3] , and to NLO recently in [19] . In d = 3 (relevant for 2+1 dimensional spin Consider the partial Fourier transform of the kernel
This equation defines µ(k) which is denoted by µ in the following. It will be useful to separate the k = 0 contribution in the propagator
(A.7)
The 1-dimensional massless propagator is the inverse of ρ 0 in (A.4) with the zero mode left out (the boundaries are at t = ±T ) .8) and
The primed sum symbol means that the k = 0 zero mode is excluded. The function G(t, t ′ ; µ) is the massive propagator for the 1d case with free b.c.:
This function is exponentially small for |t − t ′ | ≫ L s . In the limit T → ∞ and when both time arguments are finite the propagator is simplified,
The ∝ t n dependence of a Feynman graph for C(t) comes from the time-like part G 0 (x 0 , y 0 ) in (A.7).
B Analytic results

B.1 Contributions from the leading action
We introduce the notations
The coefficients read:
(The double prime in the sum over k 1 , k 2 means the condition that k 1 = 0, k 2 = 0, and
(B.8)
B.2 Contributions from the next-to-leading action
In this section we give the contributions of the 4-derivative interactions, without the contribution of the subtracted terms proportional to c (i) in equation (2.10). The effect of these terms is discussed in the renormalization chapter. The contributions of the interactions 2,3,4 depend only on the expression
They are given by
The contribution of the fifth operator is more complicated. Using the labels introduced in section 2 we write
(1 + e −µ ) 3 − The values for the coefficients occurring in equation (6.1) and the following are collected in Tables 1-3 
C.2 Numerical values for d = 3
The values for the coefficients occurring in equation (7.1) and the following are given in Tables 4-6 . 
